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Abstract 

Conditional probability distributions are derived for the 
one-phase structure seminvariants in the presence of 
anomalous scattering for the tetragonal space group P4. 

1. Introduction 

The results of Hauptman (1982b) clearly imply that the 
fusion of the traditional techniques of direct methods 
with anomalous dispersion will facilitate the solution of 
those crystal structures that contain one or more 
anomalous scatterers. The method has already been 
extended to the probabilistic theory of one-phase 
structure seminvariants for the monoclinic and ortho- 
rhombic systems (Velmurugan & Hauptman, 1989) and 
appfications of the new theory have also been described 
(Velmurugan, Hauptman & Potter, 1989). The present 
paper extends the above work to the tetragonal system 
(Velmurugan & Hauptman, 1988). 

In the presence of anomalous scatterers, the normal- 
ized structure factor 

E n = [En[ exp(iqgn) (1) 

is defined by 

N 
E n = O~H 1/2 ~ fjn exp(2yriH, rj) (2) 

j=l 

N 
= 0tH 1/2 ~ Ifjnl exp[i(3;n + 2zrH. rj)], (3)  

j=l 

where 

f j .  = IfjHI exp(i3jn) (4) 

is the (in general complex) atomic scattering factor (a 
function of [HI as well as of j) of the atom labeled j, rj is 
its position vector, N is the number of atoms in the unit 
cell and 

N 
ol. - ~ IfjHI 2. (5) 

j=l 

For a normal scatterer, 3 i n -  0; for an atom that 
scatters anomalously, 3in ~ 0. Owing to the presence of 

t DCB contribution no. 868. 
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the anomalous scatterers, the atomic scattering factors 
f~n, as functions of (sin 0)/2, do not have the same shape 
for different atoms even approximately. Hence, the 
dependence of the fin on IHI cannot be ignored, in 
contrast to the usual practice when anomalous scatterers 
are not present. For this reason, the subscript H is not 
suppressed in the symbols fm and ot n [see (5)]. 

1.1. Tetragonal system, space group P4 

In the space group P4, the single phases that are 
structure seminvariants are of the form S = ¢Ph~O 
(h + k even). Thus we have two cases, namely, 

(i) when h and k are both odd; 
(ii) when h and k are both even. 
(i) h and k both odd. One embeds the one-phase 

structure seminvariants S in the three-phase structure 
invariant T, an extension of the seminvariant S. 

T = qghk o + q3_(h+k)/2,(h_k)/2,1 "Jr- qg (h_k)/2,_(h+k)/2,7, (6) 

where l is an arbitrary integer. The first neighborhood of T 
consists of the three magnitudes IEhk0[, [E_q,+k)/2,(h_k)/z.tl 
and [E_(h_k)/2 -(h+k)/271" In the event that h and k are both 
odd, the first'neighborhood of S is defined to consist of 
the same three magnitudes IEhk0[, [E_(h+k)/Z,(h_k)/2,1 ] and 
IE_(h_k)/Z._(h+k)/2j I. It should be noted that in (6) l is 
arbitrary; hence, there are many extensions of S and 
therefore many first neighborhoods of S. 

In the present paper, the joint probability distribution 
of the three structure factors whose magnitudes constitute 
a neighborhood of S is first derived, for the space group 
P4, when anomalous scatterers are present (see Appendix 
A). This distribution leads directly to the major result of 
this paper, equation (34), the conditional probability 
distribution of the one-phase structure seminvariant ~0hk 0 
(when h and k are both odd), assuming as known the 
three magnitudes in any of its first neighborhoods. 
Owing to their extreme length, details of the derivations 
are omitted altogether. 

(ii) h and k are both even. When h and k are both even, 
we have, in addition to T [equation (6)], another 
extension T', namely, 

T t = qghk 0 "Jv q9~/2,~/2, I, + q3~/2,~/2-1,, (7) 

where l' is an arbitrary integer. 

Acta Crystallographica Section A 
ISSN 0108-7673 O1996 



386 INTEGRATING DIRECT METHODS WITH ANOMALOUS DISPERSION 

Thus, we find that, when h and k are both even, 
the first neighborhood of S and its extension consist 
of the five magnitudes IEh~01, IE-(h+k)/2,(h-~)/~,tl, 
IE_(h_,)12._(h+~)12,71, IE~,12,~12,rl and 1E~,12,~12,? I. 

Define X and e by means of 

X c o s e = C ,  X s i n e = - S ,  

X = ( C  2 --~ S2) 1/2, tan e = - S / C .  

(16) 

(17) 

2. The joint probability distribution of the three 
structure  factors ]Ehko[ , ]E_(h+k)/2,(h_k)/2,t I and 

[E-(h-k  ) /2,--(h+k ) /2dl 

The first neighborhood of the one-phase structure 
seminvafiant 9htO (when h and k are both odd) is defined 
to consist of the three magnitudes: 

R = IEh~ol, RL = IE-(h+k)/2,(h-k)12,l l ,  

RL = IE-(h-k)12.-(h+k)12,TI. 
(8) 

The atomic position vectors rj and the integer l are 
fLxed; the ordered pair of integers (h,k) is assumed to be 
the primitive random variables. The phases of the 
associated structure factors are denoted by 

(1) -- ~OhkO, (1) L = qg_(h+k)12,(h_k)/2,1 , 

~)L = qg-(h-k)12,-(h+k)/2,-l" 

For space group P4, introduce the abbreviations 

(9) 

=f j ,  8j = 8jh o, 

fsL=fj_(h+k)/2,Ch_,)lZ,,, f~L=f~_(h_k)/2,_@+k)/2,7, (10) 

ajL = ajL 
N N 

O / =  E l f j l  2, O/L---- E l f j L I  2. (11)  
j=l  j=l 

Our major goal is to determine the conditional 
probability distribution of the one-phase structure 
seminvariant ~OhkO, given the three magnitudes (8) in its 
first neighborhood, which, in the favorable case that the 
variance of the distribution happens to be small, yields a 
reliable estimate of the seminvariant (the neighborhood 
principle). 

2.1. Notat ion and  definit ions 

Define C, S, C 2 and $2 by 
N 

C = (1/o/) }--~. 
j=l  

Ifil2 cos (12) 

N 
S = (1/o/) ~ Ifil 2 sin 23j (13) 

j=l  

N 
C2 = (1/o/L) ~ I fill2 cos 2~jL (14) 

j=l 

N 
$2 = (1/O/L) ~ I fjt.12 sin 23j> (15) 

j=l 

wherefj, 8j, ffi., fj z, O/and O/L are defined in (10) and (11). 

In a similar way, X 2 and e 2 are defined by 

X 2 cos 82 = C 2, X 2 sin e2 = - S  2, 

t a n  e2 = - S 2 / C 2 ,  X2 = (C 2 .aft S2), 

N 
CI = (110/l120/L) ~ Ifsfs~l cos 3j, 

j=l 

(18) 

(19) 

(20) 

N 
S, = (1/o/l/20/L) ~ Ifjfj21 sin 3j, (21) 

j=l 

N 
C12 = Ifafj21 cos(aj + 26jL ) (22) 

j=l 

N 
Si2 = (l/O/~/20/L) ~--~ IfJj~l sin(6 j + 23jL ) (23) 

j=l 

N 
f i e  -- (1/O/1/20/L) ~ I f j f f l  cos( -Sj  + 23jL ) (24) 

j=l 

N 
SI2 = (1 lo/'/20/0 ~ Ifsfs~l sin(-8j  + 28jL ). (25) 

j=l 

Then, X l, el, XI2 , El2 , Xi2 and ei2 are defined by the 
following equations: 

X 1 c o s  E 1 ---- C 1, 

tan el = -S I /C1 ,  

/ 1 2  COS e12 = C12 , 

tan el2 = -S]2/C12,  

XI2 c o s  8i2 = Ci2,  

tan ei2 = - S i 2 / C i 2 ,  

X 1 sin el = -S1 ,  (26) 

X 1 = (C21 + $2) I/2, (27) 

X12 sin 612 = --S12 (28) 

= S 2 al/2 (29) / 1 2  (C22 31- 121 , 

Xi2 sin ei2 = -Si2,  (30) 

Xi2 - -  (C22 21- S~2 )1/2. (31) 

Following the procedure described in Appendix A, we 
finally arrive at the joint probability distribution [see 
(66)] of the three structure factors Ehk o, E_(h+k)/2,(h_k)/2,l, 
E_(h_k)/2_(h+k)/2,- l as 

p ~ (RRLkL/Zr 3) exp[--(R 2 + R 2 + R2)] 

x exp[XR 2 cos(2q~ + e) + 4X1R(R 2 + k 2 - 2) 

x cos(q~ + el) ] exp[2XzR/fi L COS(q~L + ~L + e2) 

+ 4X12RRLRL cos(q~ + q~L + ~/. + el2) 

+ 4XizRRLRL cos(--qb + qb L + ~L + ei2)]" (32) 
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3. Conditional probability distribution of the one- 
phase structure seminvariants ~hkO(--" S) given the 

three magnitudes IEhk0[, [E_(h+k)/2,(h_k)/2,1l, 
IE_(h_k)/2,_(h+k)/2,TI in its first neighborhood: 

space group P4 

Refer to §2 for the probabilistic background. The 
conditional probability distribution of S, assuming as 
known the three magnitudes (8) in its first neighborhood, 
is denoted by 

P(C~IR, Rz, kL). (33) 
Then, P(~IR ,  Rz, RL) is obtained from (66) of Appendix 
A by fixing R, R z and k z in accordance with (8) and 
integrating P [(66)] with respect to ~z and q3 z between 
the limits 0 and 2zr and multiplying by a suitable 
normalizing parameter. 

The final formula, the first major result of this paper, is 
simply 

P(~IR ,  RL, Rz) = ( I /M)  exp[a cos • + b cos 2q~ 

+ c' sin ~/, + d sin 2~] 

x Io[e + A cos • + B cos 2q~ 

+ C' sin q~ + D sin 2~] 1/2, (34) 

where M is a suitable normalizing constant, I 0 is the 
modified Bessel function and 

a -- 4R(R~ + R ~ -  2)C 1 , 

b -- R2C, 

c' = 4R(R~ + k 2 - 2)S 1, 

d = R2S, 

e = 4RLRz[(C2 + S~) + + Ci2 + S2e + 

A : 16RR2R2[C2(C12 + Ci2) + S2(Sle -t- Sie)], 

B = 32R2R2R2[C~2Ci2 + SizSi2], 

C' = 16RR2/~[Ce(S12 - Si2) - Sz(C~2 - Cie)], 

O = 32ReR2[~[SieCi2 - CleSie]. (35) 

4. The joint probability distribution of the five 
structure factors IEhk01, IE_(h+k)12,(h_k)12,1l, 

[E_(h_k)/Z,_(h+k)/2,TI, [Er,/2,r,/2,l,I and IEr,/2~,/2,~,l 
The first neighborhood of the one-phase structure 
seminvariant ~0hk 0 (when h and k are both even) has 
been defined to consist of the five magnitudes 

R = IEh~01, RL = [E-th+k)/9,fh-~)/2,tl, 

Rz = IE-(h-~)/2.-(h+k)/2,7[, tUZ = ]E~/2.Z/2,t'I, 

R'L = IEi, lZ,~Ie,7, I. 

(36) 

Since the method of deriving the joint probability 
distribution in thia case closely resembles the one 

discussed in §2, we will give here only those steps 
where major changes occur. 

The phases of the associated structure factors [of (36)] 
are denoted by 

(I) = (1)hkO, ~)L = ~O-(h+k)/2,(h-k)/2,t, 
t 

q)z = ~O-(h-kl/Z,-(h+k)/2,7, CI)z = ~0~/2,~/2,V, 
l 45]. = ~o~/2,~/2),. 

(37) 

We introduce the abbreviations 

fj  ~/2,~/2,t' = f~z (= fj ~/2.~/2,7'), (38) 

~jL = ~j [l/2,kl2,l" (39) 
N 

t 2 
' = ~ I fiLl • (40) O~ L 

j=l 

4.1. Notation and definitions 

In addition to the notation and definitions in §2.1 
(when h and k are both even), we now have the following 
additional definitions: 

N 
C; = (1/ot~.) ~ If}LI cos 26~L, (41) 

j=l 

N 
S~ = (1/ot~) ~ lUlL[ sin 2~Z, (42) 

j=l 

where fjm, 3jz and ot~ are defined in (38), (39) and (40), 
respectively. 

Define X~ and E45 by means of 

X2COSE45 -" C2,  X~sine45 = -S~,  (43) 

X2 = (C22 Jr_ S~2) I/2, tanen5 = -S'2/C'2. (44) 

Next, make the definitions 

N 
C'~ = (1/otl/2OdL) F_ , l f J~ lcos ,~ j ,  (45) 

j=l 

N 
S'~ = (1/0~1/20~) E Ifjf}21 sin 3j, (46) 

j=l 

N 
C'~2 = (1/cfl/2ot~) ~ I f J ~ l  cos(Sj + 28~L), (47) 

j=l 

N 
s'12 = (1/ofl/2ot~) ~-~ l f J T  l sin(Sj + 23~L), (48) 

j=l 

N 
C~2 = (1/Of 1/20/1.) ~ IfjfS~l c o s ( - ~  + 28~L ), (49) 

j=l 

N 
S}2 = (1/lyI/20£2) ~ ]fsf~l sin(--tj + 26}L ). (50) 

j=l 
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Then, X'~, e'i, Xt l2 ,  Stl4, X~2 and e~4 are defined by the 
following equations: 

x'~ cosd t  = C'~, 

tan e'l ' ' = -S~ /CI ,  

x'~2 cos e'~4 = C'~,  

tan e'~4 = -S'~2/C'~2, 

Xq2 COSS]4 --- C~2 , 

tan e'14 = -Si2/C~2, 

X'~ sin e'~ -- -S'~, (51) 

Xt l  - -  (C t?  .-]- S f )  112, (52) 

X'~z sin e'14 = - S t l 2  (53) 

X',2 = (C'22 + S'?2) '/2, (54) 

X]2 sine~4 = --S]2, (55) 

t = ,~t2 -~1/2 (56) + 

has 

between the limits 0 and 2rr and multiplying by a suitable 
normalizing parameter. 

The final formula, the second major result of this 
paper, is simply 

P(*IR, RL, RL, R't., k'L) 

= (1/MI) exp[a I cos * + b I cos 2 4  + c' 1 sin * 

+ d I sin 2*]10[e + A cos * + B cos 2 4  + C' sin * 

+ D sin 2*]U21o[e~ + A 1 cos 2 4  + B1 cos 2 4  

+ C" sin * + D~ sin 2 . ]  u2, (59) 

The procedure described in Appendix A 
to be slightly modified to arrive at the joint proba- 
bility distribution of the five structure-factor mag- 
nitudes R (--IEhkoI), R L  (--[E-(h+k)/2,(h-k)/2,ll), a l  = 

R_- L (= IE_(h_k)/2,_(h+k)/2,-ll), R' L (--IE~/2,~/2,vl ) and bl = 
R~ (=  IE~/2 i/2 ~, 1) and the corresponding phases when h , 
and k are i~o~ even. This distribution function finally cx = 
turns out to be dl - 

, - t .  ~ e 1 : P(R, RL, RL, RL, RL, *, *L, ¢'L, *L, ~'L) 
- 1 - t  A 1 = 

~" ( R R L R L R L R L i / y r  5)  

× e x p [ - ( g  + + + + 

× exp[XR 2 cos(2*  + e) 

+ 4XIR(R 2 + k 2 - 2) cos (*  + el) 

+ 2X~R(R~ + k'~ - 2) cos (*  + e'l) ] 

X e x p [ 2 X z R L R  L c o s ( *  L + ~L + $2) 

"+ 4 X I 2 R R L R L  c o s ( *  + * L  + t~L + S12) 

+ 4 X I z R R L [ { L  COS(- -*  + * L  .qL. t~ L ..~ ei2) 
! f - - /  t - - I  

+ 2 X 2 R L R L  COS(*L + * L  + $45) 

,-)V-t DOt ~ t  COS(* "71- * L  "-~ (~L "-~ Btl4) 71- z.,zx 12X~La~L 

! I - - t  t --I I 
+ 2 X ~ 2 R R L R  L c o s ( - *  + * L  + * L  + ei4)]" (57) 

5. The conditional probability distribution of the 
one-phase structure seminvariant qOhk o = S (h and k 

both even) given the five magnitudes IEhkoI, 
]E-(h+k)/Z,(h-tO/2,1l, [E-(h-k)/Z,-(h+k)/2,il, IE~/2,-~/2,I' I 

and  [E~/2,-~/2, i, I in its first neighborhood 

Refer to ~4 for the probabilistic background. The 
conditional probability distribution of S assuming as 
known the five magnitudes (36) in its first neighborhood 
is denoted by 

P(*IR, RL, RL, R'L, R'L). (58) 

Then, P(~_IR, RL,[~L, R'L, k'L) is obtained from (57) by 
fixing R, R L, R L, R'L and R' L in accordance with (36) and 
integrating P [(57)] with respect to *L, *~, 43L and q3~ 

where M 1 is a suitable normalizing constant, I 0 is the 
modified Bessel function and 

a + 2R(R' Z + k~ 2 - 2)C' 1 , 

b, 
t c' + 2R(R~ 2 + k~ 2 - 2)S 1 , 

d, 

4R  k  t(c? + + R (C'I  + S'I  + + 
t2 - t2 t t t t t t 

8RR L R~ [C2(C12 -+- Ci2 ) + S2(S12 -'{- Si2)],  
B 1 = R R 2 R t 2 R t 2 [ C  t (7 t_ ' , 

. . . . .  L ' ' L  tv12v12 + S12Si2]' 
Ctt  t2 - t2 t , t t t t 

= 8RR L R L [C2(S12 - Si2 ) - $2(C12 - Ci2)]  , 
D1 = RR2R,2~I2[ .~ t  (71_ p t . . . . .  L "'L t~12~12 -- C12S12]" (60) 

For the definition of a, b, c', d, e, A, B, C" and D, 
refer to (35) (remembering that h and k are now both 
even). The other symbols have already been defined 
in §§2 and 4. 

6. The one-phase structure seminvariants in the 
tetragonal system for some primitive non-centrosym- 

metric space groups of type 2P20 

As the theory for the one-phase structure seminvar- 
iants of the form qghk 0 (when h + k is even) for the 
tetragonal space group P4 was treated in detail in the 
earlier sections, only a brief summary of the results 
is given here for space groups like P42, P4mm, 
P4bm, P4cc, P42cm, P42nm, P42bc in the tetragonal 
system. 

6.1. Summary of final results 

The conditional probability distribution function 
obtained for the one-phase structure seminvariants ((PhkO 
when h + k is even) for some tetragonal space groups for 
the two cases (i) when h and k are both odd and (ii) when 
h and k are both even takes the general forms given by 
(61) and (62), respectively. The values of the parameter P 
for difference space groups are given in Table 1 for the 
two cases, namely (i) when h and k are both odd and (ii) 
when h and k are both even. 
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Table 1. Values  o f  P f o r  di f ferent  space groups  

P 

Space groups h and k both odd h and k both even 

P4 1 1 
P4mm 1 1 
P4bm 1 1 
P4cc 1 1 
P42 ( - 1 )L ( -- I)L 
P42cm ( -1 )  L ( -1 )  L 
P42nm 
P41b c ((11) ~L (_  l)t- ( -  l)t" 

(i) h and  k are both odd. The conditional probability 
distribution for the one-phase structure seminvariant ~0hk 0 
can now be written in a compact form as follows: 

P ( ¢ [ R ,  R L,/~L) = ( l / M ) e x p { a  cos ¢ + b cos 2 ¢  

+ c' sin ¢ + d sin 2¢}I0[e + A cos ¢ 

+ B cos 2 ¢  + C' sin ¢ + D sin 2¢]  ~/2, 

(61) 

where M is a suitable normalizing constant, I 0 is the 
modified Bessel function and 

a = 4 P R ( R  2 + k 2 - 2)C 1 , 

b = R2C, 

c' = 4PR(R2L + ~2 _ 2)$1 ' 

d = R2S, 

e = 4R2R2[(C2 + $22) + 4R2(C22 + S2z + C~2 + S~2)], 

A -- 1 6 P I ~ R [ [ C 2 ( C , 2  + Ci2) + $2($x2 + Si2)], 

B = 32R2R2k~[C12 Ci2 + S,2Si2], 

C' = 16PRR[R2[C2(S12 - Si2) - $2(C12 - Ci2)], 

D = 32R2R2R2[S12Ci2-  Cx2Si2]. 

For the definition of S, C, C 2, S 2, C l , S l , CI2, $12 Ci2, Si2 
refer to (12)-(15) and (20)-(25). 

(ii) h and  k are both even. The  conditional probability 
distribution for the one-phase structure seminvariant ~0hk 0 
Can be written in a compact form as follows. 

P ( ¢ I R ,  R L, RL, R~, k~) = (1/Mi)  exp{a I cos ¢ 

+ b I cos 2 ¢  + c' l sin 2 ¢  

+ d I sin 2¢}I0[e + A cos ¢ 

+ B cos 2 ¢  + C' sin ¢ 

+ Dsin2¢] l /21o[e l  + A  I cos ¢ 

+ B~ cos 2 ¢  + C" sin ¢ 

+ D I sin 2¢]  1/2, (62) 

where M 1 is a suitable normalizing constant, 10 is the 
modified Bessel function and 

a, = 4 P R ( R 2 +  ~2 _ 2)C1 + 2R(RL 2 + k~2 _ 2)C',, 

b 1 = R Z c ,  

c' 1 = 4 P R ( R  2 + k 2 _ 2)S 1 + 2R(R'L z + RL 2 -- 2)S'1, 

d 1 --  RZs,  

e = 4R2R2[(C 2 + S 2) + 4R2(C22 + $22 + C~2 + S~2)], 

,4 = 16PRR2k~[C2(Q2 + Ci2) + $2($12 + Si2)], 

B = 32R2RER2[C12Ci2 q-$12Si2], 

C ' =  16PRRZLR2[C2(S,2 - S i 2 ) -  $2(C,2 - Ci2)], 

D = 32R2R2R2tS12Ci2 - C12Si21, 

e 1 : 4R'Zk'I2[(C~ 2 + S~ 2) + R2(C'1~ + Si~ + C] 2 + S~)], 

, 4 ,  : 8R2R' 2k[IC (C'I  + C 2) + S (SI2 + S]g], 

B 1 : + ShS :I, 
Ctt  t2 - t2 t t t t t t 

= 8RR L R L [C'2($12 - S i 2  ) - 8 2 ( C 1 2  - C i 2 ) ]  , 

0 1  : RR2Rt2~ t2[ .~ t  t __ t t 
. . . . .  L **L t~12C12 C,2Si2]"  

/ / l l / / For the definitions of C 2, S 2, C I, S l, C12, S12, C]2 and 
S]2, refer to (41), (42) and (45)-(50). 

APPENDIX A 
The joint probability distribution of the three 

structure factors Ehk o, E_(h+k ) /2,(h_k ) /2,l and 
E_(h_k)/2,_(h+k)/2~ for the space group P4 when 

anomalous scatterers are present 

In order to derive the conditional probability distribution 
(66), it is necessary first to obtain the joint probability 
distribution 

P = P(R,  RL, RL; ¢ ,  eL ,  ~l .)  (63) 

of the three magnitudes IEhk0l, IE_(h+D/2.(h_D/2.t] and 
JE_(h_k)/2._(h+k)/2.T[ and the phases ~0j, k0, qg-(h+k)/2.(h--k)/2.1 

and qg_(h_k)/Z,_(h+k)/2- l [ r e fe r  to  (8)  and (9), respectively] 
of the three structure factors whose magnitudes constitute 
the first neighborhood of the one-phase structure 
seminvariant ~0hk0. The atomic position vectors ri and 
the integers I are fixed: the ordered pair of integers (h, k) 
is assumed to be the primitive random variable. Then, 
following the early work of Karle & Hauptman (1958), P 
is given by the sixfold integral 

cx~ 2Jr 
P - - [ R R L R L / ( Z Y r )  6] f f P,PzP3 

Pl,Pz.P3=O Oi .02.03=-0 

x e x p { - i [ R p  I eos(O 1 - ¢ )  + RLP 2 cos(02 - eL) 

+ kLP3 cos(03 - 'bL)]} 
N/4 

× I-I qj  dpldp2dp3dOldO2d03, (64) 
j=l  
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q i = ( e x p { i l f j l / o t ' / 2 { p ,  cos[3j + 2rr(hxj + kyj) - 0,] 

+/0 ,  cos[aj + 2 (-hxj - ky)  - 0,] 

+/01 cos[3j + 2yr(kxj - hyj)  - 01] 

+ Pl cos[6j + 2rr(-kxj + hyj)  - 011 } 

x (ilfjLl/Ct~L/2)[p2 COS{a/L + 2n'[--(h + k ) x a / 2  

+ (h  - k ) y j / 2  + Izj] - 02} 

+ P2 COS{S/L + 2yr[(h + k ) x j / 2  - (h - k ) y j / 2  

+ Izj] - 02} + P2 COS{SjL + 2rr[(h - k ) x j / 2  

+ (h  + k ) y j / 2  + Izj] - 02 } 

+ P2 COS{SjL + 2rr[-(h - k ) x j / 2  - (h + k ) y j / 2  

+ lzfl - 0 2} + P3 COS{6jL + 2zr[-(h - k ) x j / 2  

--  (h  + k ) y j / 2  - lzj] - 03} 

-~- t03 COS{t~jL -a t- 27g[(h - k)xj/2 + (h -]- k)yj/2 

- lzj] --  03} +/03 COS{3jL + 2zr[--(h + k ) x j / 2  

+ (h - k ) y j / 2  - Izj] - 03 } 

+ P3 COS{S/L + 2yr[(h + k ) x j / 2  - (h - k ) y j / 2  

--  Izj] --  03}] })h,k. (65) 

The mathematical formalism derived and streamlined in 
recent years to evaluate qj, 1-I;/4 qj and the sixfold 
integral (64) has been described elsewhere (e.g.  Haupt- 

man, 1975, 1982a,b). This work suitably modified to 
incorporate the space-group symmetries and to accom- 
modate the anomalous scatterers finally yields, after 
lengthy analysis, the remarkably simple formula 

P "~ (RRLRL/zr3) exp[-(R z + R~ + k~)] 

× exp[XR 2 cos(Z@ + e) + 4 X I R ( R  2 + k ~  - 2) 

× cos(~ + el) ] exp[2XzRtRt, cos(q) L + ~L + ez) 

"[- 4XlzRRLRL cos(~) --~ (PL '1- ~L + e12) 

+ 4 X i z R R t R  L cos(-q) + q)L + ~t  + ei2)], (66) 

where the parameters X, X 2, X 1, X12 , Xi2 , E, E2, El, E12 
and ei2 are defined in (16)-(31). 
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